Math 2A — Vector Calculus — Final Exam — fall *09 Name
Show your work for credit. Do not use a calculator. Write all responses on separate paper.

1. Derive the formula for the distance d(P,L) between a
point P(x,y,0) and a line L through Py(x,)0,0) and
P(x1,1,0) in 3D by the following steps:

a. Compute ‘170131 XE];‘ in terms

d(P,L)

of x, y, xo, o, and xy, ;.

b. Use the fact that the area of the parallelogram
with edges FP, and R P is base*height to find
a formula for the distance from P to L.

2. Consider the curve F(t) = <5 sin#,12¢,5 cost>

a. Find the unit tangent vector as a function of ¢.

b. Find the curvature at r = 0.

c. Find a vector parallel to the normal to the curve at ¢t = 0.
d. Parameterize the osculating circle at £ = 0.

3. Consider the ellipsoid 4x* + 4y* + z* = 4.
2

J1+3sin’ ¢
Hint: 4x* + 4)° + 22 = (X +3x)+ (0 + 3P + 22 = 4.

b. Find a parameterization of the ellipsoid surface in terms of spherical coordinates @ and o.

a. Show that this surface is described by the spherical function p =

Hint: recall that <x, V, z> = < pcos@sin g, psinPsin g, p cos ¢>
Yo 6 |
47 4°

4. Show that the ellipsoid 3x* + 2)* + z* = 9 and the sphere x> + y* + 2 — 8x — 6y — 8z + 24 =0 are
tangent to each other at the point (1,1,2).

c. Find an equation for the tangent plane at (x, y, z) = [

2

5. Find the points on the surface f (x, y) 4 that are closest to the origin.
Hint: In terms of the Lagrange multiplier method, this is equivalent to minimizing x> + y* + z* subject
2

to the constraint z =
X

6. Find the volume of the region below the surface z = xe’ and above the portion of the disk x* +y* = 25
in the first quadrant.



7. Find the flux of F = <x, y,—2z> out of the surface S of the cube
C={(x,».2)[0<x<1,0<y<1,0<z<I|

8. Consider the region R in the first quadrant

bounded by r = sin(36) 03 7
a. Write UR o (r, ﬁ)dA as an iterated 04
integral. 03 ,

b. Find the area of the region. i
c. Find the mass of the region with density 02F

function 5(r, (9) =r

0.2 04 0.6 0.8
9. Consider the surface described by the paraboloid z = 16 — x* — y* for z > 0, as shown below.

Verify Stokes’ Theorem for this surface and the vector field F = <3 y,4z, —6x>. That is, evaluate

both sides of the equation CﬁcF -dr = J‘J.S(ﬁ x F ) -dS and show they are equal.
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10. Use the Divergence Theorem to compute the surface integral U ¢ F -dS where the surface S is the

sphere x* + y* + z* = 1 and the vector field is F = <x3, ¥, Z3> .



Math 2A — Vector Calculus — Final Exam Solutions — fall ’09

1. Derive the formula for the distance d(P,L) between a
point P(x,,0) and a line L through Py(x,)0,0) and
Pi(x1,y1,0) in 3D by the following steps:

a. Compute ‘HPI XHP.‘ in terms

of x, y, xo, yo, and xy, y1.
SOLN: P,

L

¥
S

i ik
‘E)P1XPOP‘ZX1_XO Y=y, O :Kosoa(xl_xo)(y_yo)_(yl_yo)(x_x0)>‘
x-x, y-y, 0
b. Use the fact that the area of the parallelogram with edges PO—P1 and PO—P is base*height to find a

formula for the distance from P to L.
SOLN: (x, =%, ) (¥ =)= (3 =2)(x—%,) =

d(P’L)|E)R|:d(P’L)\/(Xl_x0)2+(y1_y0)2 =‘(x1—xo)(y—y0)+(yl—yo)(x—xo)‘
(=) (=30) + (7 = 2) (x =)

\/(x]—x0)2+(y1—y0)2
ay+bx+d|

and ¢ = yo(xo—x1) + xo(o — y1) then the formula becomes d = ﬁ
a +b

So d(P,L)= If you let a = x; —xo, b = y1 — yo,

2. Consider the curve 7 (t) = <5 sint,12¢,5cos t>
a. Find the unit tangent vector as a function of ¢.
5cost,12,—5sin t>
13

SOLN: 7'(7)= <500s t,12,-5 sint> = f(t) = <

b. Find the curvature at = 0.

= |dﬁ| = |df / dt| = K_S sin£,0, =5 COSt>‘ = > So the curvature is constant.

SOLN: x = = =
\ds| | ds/d| 7 () 169

c. Find a vector parallel to the normal to the curve at ¢ = 0.
SOLN: % = <—5 sint,0,—5cos t> ) <— sint,0,—cos t> is parallel to the normal curve — oh,
and it has length = 1, so it is the normal vector and at ¢ = 0, N= <0, 0, —1>

d. Parameterize the osculating circle at ¢ = 0.
SOLN: When =0, 17(0) = <0, 0,5> , N= <0, O,—1> and the radius of the circle is 33.8, so the

center of the circle is (0,0, —28.8) . To get the equation of the circle we need to stay in the



: L . (5,12,0) . '
osculating plane, which is spanned by 7' (0) = TR and N = <0, O,—1> which shows that a

normal to the osculating plane is the vector <—12, 5, O> so the osculating plane is the yz-plane

where x = 0. Thus an equation for the osculating circle is the intersection of the plane 12x — 5y =

0 with the sphere x* + y* + (z + 28.8)* = (33.8)* . Solving the first equation for y and substituting
2

144
2 2 2 zZ+—
into the second, we have Xt + ﬂ)c2 + (z +ﬁj = @ Rt (lj + 25 | _ 1, which
25 5 25 13 @
5
can be parameterized by (t) = <13 cos t,%cos t,?sint —%> )

To check, use the Mathematica code, ParametricPlot3D[{{5 * Sin[t],12 * ¢, 5 * Cos[t]}, {13 *
Cos[t],31.2 * Cos[t], —28.8 + 33.8 * Sin[t]}}, {t, —6,6}]




3. Consider the ellipsoid 4x* + 4y + 2% = 4.

2z

J1+3sin’ ¢

SOLN: 4x* + 42 +22= (@ +3x)+ (P + 3D + 22 =x"+ )" + 22+ 3x* + 3y” =p” + 317 =4 so that,
substituting, p = rsing, we have p*(1 + 3(sine)’) =4 and the result follows.

a. Show that this surface is described by the spherical function p =

b. Find a parameterization of the ellipsoid surface in terms of spherical coordinates 6 and a.

Hint: recall that <x, V, z> = < pcos@sing, psindsing, pcos ¢>

SOLN: <xyz>— 2cosfsing 2sindsing 2cos¢
B \/1+3sin2¢,\/1+3sin2¢’\/1+35in2¢

6 6
c. Find an equation for the tangent plane at (x, y, z) = (%,% , l]

SOLN: The simplest approach here would be to use gradient vector
V—f = <8x,8y, 22>‘(¢g N IJ = 2<\/g,\/g,l> as a normal so the equation is \/gx + x/gy +z=4
474"

4. Show that the ellipsoid 3x* + 2y* + z* = 9 and the sphere x* + y* + z* — 8x — 6y — 8z + 24 =0 are
tangent to each other at the point (1,1,2).
SOLN: It is sufficient to observe that the gradients are parallel. The gradient of the ellipsoid is

W = <6x,4y, 22>‘(1 1) = <6,4, 4> while the gradient of the sphere is
V—g = <2x -8,2y—-6,2z— 8>‘(1 1) = —<6, 4, 4> , so indeed they are parallel.

2

y_

5. Find the points on the surface f (x, y) = that are closest to the origin.

2

SOLN: The simpler way to do this, as I see it, is to substitute z = 4 into the objective function

X
and then find the critical points and check them with the second derivative test. Substituting, we get
2
2, 2 (y2 _9) . . o
f (x, y) = X"+ Y~ +-———— so setting the partial derivatives to zero we get
X
2
2(y* - 2
f.=2x- ( 3 ) =0<x —(y2—9) =0y —9==x’
(»*-9) 2y -9) 2(y°-9)
S, =2y+ = =2yl 1+ = =0. Thuse1thery=00rl+T=

2
Substituting 3> —9 = +x” we have liiz =0, which isn’t going to happen. So y = 0 and thus
X

(x,y) = (£3,0) are the critical points where f (i3, O) = ;—3 =7F3 and the critical points are (3,0, -3)



and (3,0, 3). Now, it turns out the discriminant here is

PP B P i (2+12y2_36j‘ 2 = (8)(-2)-0<0

2 3
X X X

(x,y):(iS,O)
so these are saddle points. Thus there is no minimum value. However, there is a lower bound on the

: . 9+x*-9
set of distances. If you approach x = 0 along the paths y2 +x* =9 the limz= hmx— =0

x—0 x—0 X

you get to the point (0,3,0) which is a limiting point on the surface, but not actually on the surface,
since x = 0. Thus 3 is a lower bound on the distance.

Alternatively, one could use Lagrange multipliers. You formulate the problem by saying you want to
2

-9
minimize f(x,y,z) =x”+ )’ + 2" subject to the constraint g (x,y, Z) =2 =0. Atthe
2
. . = T y =9 2y
optimal point the tangent planes are parallel, so Vf = AVg < <2x, 2 y,22> = /1< > ,——,1>
X X

which leads to the four equations in 4 unknowns shown below. The second equation says that either

y) (yZ _ 9) y =0 and/or x =—A. If x =— X then the first equation has that —2A> =)* — 9 so
2x=———" that, from the last equation, z = 24. Substituting into the third equation we’d
X have then that 4 = 1, a contradiction. Thus y = 0. As the figures below illustrate
Ay the surface together with the sphere of radius 3 (first) where you can see a point
- _7 of tangency is approached at (0,3,0) and the second where you can see the point
2= of tangency at the saddle point (-3,0,3).

p7 = Plot3D[(y"2 — 9)/x, {x, —5,5},{y, —5,5}, PlotRange — {—5,5}]
Finally, it should be noted that the surface xz = y* — 9 is a tilted hyperboloid of one sheet with
removable discontinuities where x = 0. Maybe in Linear Algebra you’ll learn to rotate it to

perpendicular.



6. Find the volume of the region below the surface z = xe’ and above the portion of the disk x* + ) = 25

in the first quadrant.
rsind

SOLN: Using cylindrical coordinates, z = rcosf e and the region is bounded by

. . p /2 rsin@ p ! 2 _ru
0<r<5and 0<6<n/2 so the integral is J.J-O rcos@e ™" rdOdr = IIO ree™dudr =
0 0

5_J-s‘?'ﬁa?r—£=5e5—es+l—§=4e5—2

5
J.rer —rdr=re’
0 0 Jo 2 2 2

7. Find the flux of F = <x, y,—2z> out of the surface S of the cube
C={(x,5,2)|0<x<1,0<y<1,0<z<1}
SOLN: The simplest way to work this is to use the divergence theorem and note that the divergence

of F is V-F =141-2=0 so the flux must be zero. To evaluate the surface integrals directly
means @Sﬁﬁ = Hx:oﬁ-$+”x:1ﬁ-$+”yzoﬁ-%+ LZIF“-XS+IIZ:0F-$‘+JIZ:1ﬁ-ZS
=[[_(0.,-22)-(-L0, o>dA+“01<1,y,z>-<1,o, 0) dydz

. 0

+ff (x.0.-22)-(0.-1,0) dA+j [} (x.1.2)+(0.1,0) dixdz

1
+” :o<x°y°0>'<0’0"1>d‘4+”01<xay,—2>-(0,0,1>dxdy =0+1+0+1+0-2=0.
0

8. Consider the region R in the first quadrant bounded by r = ost
sin(36) '
a. Write HR o (r, Q)dA as an iterated integral. 04f
73 g 03¢
SOLN: l [ 6(r.6)rdrao 0l
b. Find the area of the region. o
/3 . /3 . 2 /3 ; . . .
J» J~sm36‘rdrd9 _ J‘ Sin 36 d¢9 _ J‘ 1—cos 60 d¢9 _ 1 02 04 06 08
o "0 0 2 7 4 12

c. Find the mass of the region with density function & (r, 49) =r

/3

/3 N /3
SOLN: j jo wrza’rd@:% j sin’ 39d0:% j sin 36 —sin 30 cos® 30d0
0 0 0
/3 -1 4 -1
=——cos36| +— u3du=l+l+u— =£
. 1 9 9 36 9




9. Consider the surface described by the paraboloid z = 16 — x* — * for z > 0, as shown below.
Verify Stokes’ Theorem for this surface and the vector field F = <3 v,4z, —6x>. That is, evaluate

both sides of the equation and show they are equal.
20 a

25

¥ £ 5 ¥ ¥ £ .5
SOLN: 7(r)=(4cost,4sint) = 7'(1)=(-4sint,4cost) so that

L

§, Fodr=|"(12sint,0,~24cost)(~4sint, 4cost,0)dr =—48[ " sin’ tdt = -487

Now the surface is 7 (x, y) = <x, y,16—x" — y2> so a measure of the scaled infinitesimal surface

~ A ~

ik
normal is dS = (; X a,)dxdy =1 0 —2x|dxdy= <2x, 2y,1> dxdy so that
0 1 2y

[[.(VxF)-as =[] (-4,6,-3)-dS = i “J?;(—a 6,-3)-(2x,2y,1)dxdy
-4

4
= “.02” —87° cos @ +12r> sin @ —3rdOdr = —67;J'O4 rdr = —487
0

10. Use the Divergence Theorem to compute the surface integral _U s F -dS where the surface S is the
sphere x* + 1> + 2> = 1 and the vector field is F = <x3, y3, Z3> .
SOLN:L

I 75 =[] Fav = [[[ax"+ 35732 - 3” [! o' singdgdodp =L cosgf; =12



